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Abstract
In the early 1980s Beilinson and Lichtenbaum independently conjectured the existence of a bi-graded
cohomology theory for schemes, written
X -+ HI (X, Z (q)) (p, q G Z).
This cohomology theory was to satisfy various axioms, and have certain relations to algebraic K-
theory and 4tale cohomology (cf. [Be] and [Li]). In particular, Beilinson suggested that for smooth
schemes X there should be an 'Atiyah-Hirzebruch' spectral sequence of the form
Ej'q = HP(X, Z(- )) ==> Kp+q(X).
Here E2' is to be interpreted as being 0 when q is odd, and K*(X) denotes Quillen's algebraic
K-theory. (We use topological indexing, however, and write Kn(X) for what people usually call
K-n(X)). One goal of this thesis is to suggest an approach for producing this spectral sequence
using Voevodsky's homotopy theory of schemes. The idea is to produce a kind of 'Postnikov tower'
for the representing object of algebraic K-theory, and the hope is that the fibres in this tower can
be identified with the spaces representing motivic cohomology.
It turns out that the homotopy theory of spaces with a Z/2-action is very analogous to the
homotopy theory of schemes. The analog of algebraic K-theory is Atiyah's KR-theory [At], and the
analog of motivic cohomology is Eilenberg-MacLane cohomology with coefficients in the constant
Mackey functor Z. The procedure we outlined in the algebraic case carries over precisely to the
Z/2-equivariant context, but in the latter situation one has more tools with which to identify the
fibres. In the final sections of the thesis we prove that all this works, and so for Z/2-spaces X we
obtain a spectral sequence of the form
H(P+ 1)- -(X; Z) =: KRo~()
where a denotes the sign representation of Z/2 on X.
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71. INTRODUCTION
In the early 1980s Beilinson and Lichtenbaum independently conjectured the existence of a bi-
graded cohomology theory for schemes, written
X - HI(X, Z(q)) (p, q e Z).
This cohomology theory was to satisfy various axioms, and have certain relations to algebraic K-
theory and 6tale cohomology (cf. [Be] and [Li]). In particular, Beilinson suggested that for smooth
schemes X there should be an 'Atiyah-Hirzebruch' spectral sequence of the form
E = HP(X, Z(f)) =1 Kp+q(X).
Here E2'4 is to be interpreted as being 0 when q is odd, and K*(X) denotes Quillen's algebraic
K-theory. (We use topological indexing, however, and write K'(X) for what people usually call
K_,(X)). One goal of this paper is to suggest an approach for producing this spectral sequence
using Voevodsky's homotopy theory of schemes. The idea is to produce a kind of 'Postnikov tower'
for the representing object of algebraic K-theory, and the hope is to identify the fibres in this tower
with the spaces representing motivic cohomology.
It turns out that the homotopy theory of spaces with a Z/2-action is very analogous to the
homotopy theory of schemes. The analog of algebraic K-theory is Atiyah's KR-theory [At], and the
analog of motivic cohomology is Eilenberg-MacLane cohomology with coefficients in the constant
Mackey functor Z. The procedure we outlined in the algebraic case carries over precisely to the
Z/2-equivariant context, but in the latter situation we have more tools with which to identify the
fibres. In the final sections of the paper we prove that all this works, and so for Z/2-spaces X we
obtain a spectral sequence of the form
H(P+9)--"(X ;Z) == KRP~(X)
where a denotes the sign representation of Z/2 on R.
Organization of the paper.
Section 1: Introduction.
Section 2: Background.
This is a general introduction to the connections between motivic cohomology and algebraic K-
theory. The main topics are the conjectural spectral sequence, weight filtrations, Adams operations,
and filtration by codimension of support. Much of this section is not strictly necessary for under-
standing the rest of the paper, but we've included it because the literature on this subject is not so
clear. The section concludes with a short history of work on this problem.
Section 3: A Postnikov-tower approach.
Here we outline a homotopy-theoretic approach that would lead to the desired spectral sequence.
The idea is to construct a kind of Postnikov tower for the object representing algebraic K-theory,
using the theory of localization in model categories. We propose an explicit construction of this
tower, and set down two conjectures about it. The conjectures should be enough to produce the
8spectral sequence and prove it has the correct action of the Adams operations; multiplicativity is a
little more subtle.
Section 4: Z/2-equivariant analogs.
Here we discuss the analogs between motivic and Z/2-equivariant homotopy theory. The construc-
tions of section 3 carry over verbatim to the Z/2-context, and produce a certain tower for the
equivariant space Z x BU. The remaining sections of the paper are dedicated to proving the con-
jectures from section 3 in this equivariant context.
Section 5: The Eilenberg-MacLane cohomology theory HZ.
In this section we introduce the equivariant cohomology theory which plays the role of motivic
cohomology. An important result (mostly due to Lima-Filho and Santos) is that the spaces in
the Q-spectrum for this theory can be identified with infinite symmetric products of spheres. We
also give a complete computation of the coefficient rings-the knowledge of these groups plays an
important role in subsequent sections.
Section 6: Symmetric products and Postnikov sections of spheres
The main result is that one can obtain the equivariant Eilenberg-MacLane spaces representing HZ
as appropriate Postnikov sections of spheres. This is proven via a very geometric analysis of the
infinite symmetric product construction.
Section 7: The Postnikov tower for Z x BU.
The fibres in the Postnikov tower are identified with equivariant Eilenberg-MacLane spaces.
Section 8: Properties of the spectral sequence.
Convergence, the action of the Adams operations, and multiplicativity are all discussed.
Section 9: The stable case.
This section points out that the previous work can be used to produce a connective version of KR-
theory. This is an equivariant spectrum kr containing a 'Bott element'- inverting this Bott element
yields KR, while killing the Bott element yields HZ. The resulting Bockstein spectral sequence is
a stable version of the spectral sequence we've produced using Postnikov sections.
Appendix A: Symmetric products and their group completions.
These are some technical results necessary for the work in section 5.
Appendix B: Basic facts about localization.
This section contains a brief review of the localization machinery for model categories. In particular,
it lists the basic properties of localizations which are used over and over again in the body of the
paper.
92. BACKGROUND
Let k be a fixed ground field. Sch/k denotes the category of schemes of finite type over k, and
Sm/k is the full subcategory consisting of the smooth schemes.
Motivic cohomology. Motivic cohomology can be thought of as an analogue for schemes of sin-
gular cohomology. It should be a contravariant functor
Sm/k -+ (bi-graded abelian groups)
X - HP(X;Z(q))
satisfying certain sensible properties. Here p is called the dimension and q is called the weight.
We will not give a complete discussion of the properties these groups should satisfy, but rather only
list some of the ones that will be needed later:
(a) (Localization sequence) If Z -4 X is a smooth, closed subscheme of codimension c and U =
X - Z, then there is a long exact sequence
-.. HP-2 c(Z,Z(q-c)) -+ HP(X;Z(q))--+ HP(U;Z(q)) -+ HP+l 2c(Z, Z(q - c)) -+ ...
(b) H 2n(X; Z (n)) 2 CHn(X), the Chow group of codimension n cycles modulo rational equivalence.
(c) HP(X; Z (q)) = 0 for p > q + dim X.
(d) Vanishing in negative weight: HP(X; Z(q)) = 0 for q < 0.
(e) Souli-Beilinson Vanishing conjecture: HP (X; Z (q)) = 0 for p < 0.
(f) Strong form of Souli-Beilinson Vanishing for fields: HP(k; Z (q)) = 0 if either p < 0, or p = 0
and q > 1.
(g) HP (X; Z (0)) c -XPZa, (X, Z), where the latter is sheaf cohomology with coefficients in the constant
sheaf Z. So in particular one has
HP(X; Z(0)) = fZ of components of X) if p = 0,
0 otherwise.
(h) HP(Spec k; Z(p)) 2 K,"(k), where the latter denotes the Milnor K-theory of k.
Remark 2.1. Topologists should think of the localization sequence as the long exact sequence for
the pair (X, U) together with the isomorphisms
HP-2,(Z, Z (q - c)) 2 HP (Th Nx/z, Z (q)) HP (X, U; Z (q))
wired into it. Here Nx/z denotes the normal bundle of Z in X, and Th Nx/z is its Thom space. The
second isomorphism results in topology from the identification of Nx/z with a tubular neighborhood
of Z in X.
Voevodsky [V] has given a definition of motivic cohomology that is known to satisfy all the above
properties except (e) and (f), which remain conjectural.
The spectral sequence.
Conjecture 2.2 (Beilinson). There is a spectral sequence
E2' HP (X;2(-?)) -> KP+4(X)
(indexed in the Serre convention) which has the following properties:
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(a) It is contravariantly functorial in X;
(b) It is a multiplicative spectral sequence;
(c) It has an action of the Adams operations ok, converging to the usual action on K*(X), where
ok acts on HP(X, Z(q)) as multiplication by k.
(d) It collapses after tensoring with Q (this actually follows from (c) by a standard argument).
Example 2.3 (X = Spec k). If we recall that HP(k; Z (q)) = 0 for
then the spectral sequence for X = Spec k should look as follows:
q
p > q, and HP(k; Z (p)) = K M (k),
pP
The Soule-Beilinson conjecture is that the groups in the third quadrant are all zero, and the Strong
Soul6-Beilinson conjecture is that the groups labelled '?' also vanish. Observe that the spectral
sequence is, among other things, encoding the relation between KM and K.. For instance, one can
read off that the map KM -+ K 3 (k) should be injective-this is in fact an old conjecture. The map
K4 -+ K 4 (k) is certainly not always injective: Consider the map of spectra S' -+ K(Z) -+ K(Q)
which comes from the unit for the ring spectrum K(Z). It is known that the map l E 7r' hits the
class {-1} E Q* = K,1(Q). Since 77 = 0 in r', we must have {-1}4 = 0 in K 4 (Q). It is easy to see,
however, that {--1}4 is non-zero in K4"(Q), and therefore the map Kj -+ K 4 cannot be injective
in this case (this is an observation of Weibel). Looking at the spectral sequence, we see that there
must be an element in H 1,3(Q) which is somehow related to a null-homotopy for ?I.
Example 2.4 (X = Spec Fq). Quillen [Qi] has shown that K-2n-1) (F q) !  /(q - 1) and
K-2n(Fq) = 0. Kratzer shows in [Kr] that ok acts as multiplication by kn on K-(2n-1(y )_
i.e., that K- (2--1 is 'pure of weight n'. In thinking about the spectral sequence, the easiest way
--
0 k*
? H 2 KM
? H13 H2,3 KM
d3
7 1,4 H2,4 [H3,4 K
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for this to happen is if
Z if s = t = 0;
H'(Fq; Z(t))= Z/' - I if s = 1,t > 0;
0 otherwise.
Whether or not this is true seems to be an open problem. Levine [Lv, Theorem 14.3] proves it for
F2, and shows that it's true for arbitrary Fq after localizing at the prime 2.
The weight filtration.
The (conjectural) filtration on the groups K(X) arising from this spectral sequence is called the
weight filtration. We will write it as a decreasing filtration
--- C FP+1 K (X) g FPK n(X) C ... C Kn(X)
where
F--K +(X)/F (+1K+ 
-(X) E
The indexing is set up so that the elements of HP(X; Z(q)) which survive the spectral sequence
contribute to FqKp+q(X)/Fq+1Kp+q(X)-in other words, the 'weight q part' of motivic cohomology
contributes to the 'weight q part' of K-theory.
The weight filtration should have the following basic properties:
(a) Contravariant functoriality: Given a map f : X -+ Y, the induced map K"(Y) -+ K"(X) sends
FPKn(Y) into FPK(X).
(b) Multiplicativity: The product map Kn(X) 0 K"(Y) -+ Kn+,(X x Y) induces
FPK(X) & FqK"(Y) -4 FP+qKn+m(X x Y).
(c) Behavior under Adams operations: If x E FPKn(X) then
Okx = kPx mod FP+1K" n(X).
rank
(d) Normalization: F 0 K 0 (X) = K 0 (X), and F'K0 (X) - ker(K 0 (X) -+ Z) for X connected.
(e) Behavior under projective bundles: If E -+ X is an algebraic vector bundle and 7r : F(E) - X
denotes its associated projective bundle, then the induced map lr* : K(X) -+ Kn(IF(E)) strictly
preserves the filtration: x C Kn(X) lies in FP if and only if 7r*(x) lies in FP.
(f) Coniveau property: If E. is a bounded complex of vector bundles on X whose homology is
supported on a smooth, closed subscheme of codimension p, then
[E.] = Z(-1)Ei] E FPK0 (X).
(g) Relation with the y-filtration: FPK0 (X) ; FPK0 (X), and this becomes an equality after ten-
soring with Q.
(h) Behavior under the Bott map: The Bott map Kn(X) -4 K"(X x V, X) induces
FPK n(X) LN FP+1K n(X X pl, X).
The reader is referred to [Gri] for a more lengthy discussion of the weight filtration (but beware
of section 14, which is somewhat outdated and misleading).
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Remark 2.5.
(i) The term 'weight filtration' comes from property (c): Rationally, the groups K(X) break
up into eigenspaces for the Adams operations, and the quotient FP/FP+l corresponds to the
eigenspace on which the k 's act with 'weight' p.
(ii) The -- filtration can be seen to satisfy all of the properties except (f).
(iii) In stating property (h) we have tacitly assumed that the filtration can be defined on relative
K-groups-any sensible construction of the filtration would yield this automatically. Note also
that (h) is a direct consequence of (b) and (d), since the Bott map is just multiplication by
the element [L] - 1 E K 0(]P'), which must lie in FK(IPh) by the normalization property.
Remark 2.6 (Origins of the Soule-Beilinson conjecture). The Soule-Beilinson conjecture is that
HP(X, Z(q)) = 0 for p < 0. The spectral sequence shows that a consequence of this should be
that K1- 2 q(X) = Fq-lK1-- 2 q(X) and that K- 2 q(X) = Fq-K- 2 q(X). Indeed, Soule's original
conjecture was that for a regular local ring R one has
K2q(R)(P) = K2q-1(R)(P) = 0 for p < q,
where K.(X)(P) denotes the kP-eigenspace for pk acting on K,(X) & Q (see [So, 2.9]).
The coniveau filtration. There is a natural 'geometric' filtration on the K-theory of smooth
schemes called the coniveau filtration, or the filtration by codimension of supports. On K0 this is
obtained by letting FS,,PPK0(X) be the subgroup generated by all [.] where E. is a bounded complex
of vector bundles whose homology is supported in codimension at least p. Under the isomorphism
K0 (X) ~ Go(X) (where the latter is the Grothendieck group of coherent sheaves), FP,,'PK 0 (X)
corresponds to the subgroup generated by all [9] where codim(Supp Y) > p.
Remark 2.7. The coniveau filtration is sometimes described as
FPK (X)= Uker[K0 (X) -4 K (X - Y)]
Y
where Y ranges over closed subschemes of X of codimension at least p. The localization sequence
for K-theory shows that this agrees with the definition made above. This second description of the
filtration closely resembles the corresponding descriptions for topological K-theory in [AH].
It's not hard to show that if f : X -+ Y is flat and T is a coherent sheaf on Y whose support has
codimension at least p, then the support of f*T also has codimension > p. This shows that F,*,, K0
is functorial for flat maps-functoriality for arbitrary maps is not at all clear, however, and for a
long time was unknown. Fulton and Lang [FL] introduced a refinement of the filtration which is
manifestly contravariant functorial, and later Consani [Co] used a moving lemma to show that their
filtration is actually equal to the coniveau filtration.
Using the basic properties of motivic cohomology and of the conjectured spectral sequence, it's
not hard to decide that the weight filtration on K 0(X) must be precisely the coniveau filtration.
The main point is that H 2 (X; Z(n)) = CHn (X) and that H 2 n+k(X; Z(n)) = 0 for k > 0. The
spectral sequence then gives us surjective maps
CHn(X) - FnKO(X)/Fn+1Ko(X ),
13
and we know from experience what these maps should be: they should send the class [Z] of a
codimension-n closed subscheme to the class represented by [Oz]. Accepting this, it follows that one
should have F'PUPK 0(X) C FPK0 (X). Making use of the fact that both filtrations must be finite
(vanishing above dim X) and that FnK 0(X)/Fn+1 K 0 (X) is generated by the classes [Oz], one is in
fact forced into having the equality
FL,,PPK(X) = FPK0 (X).
The basic techniques in [FL] can be used to show that the coniveau filtration on K0 (X) does indeed
have the expected properties of the weight filtration.
Now to extend the coniveau filtration to higher K-theory one usually does something like the
following. Given a scheme X, let 'P(X) denote the category of bounded complexes of algebraic
vector bundles on X. Let 'P denote the full subcategory consisting of complexes whose homology
is supported in codimension at least p. These categories sit in a sequence of inclusions
0 = 'n+ - 'T, c '' ' 2c 'Pi - '" O = '
where n is the dimension of X.
We may give each 'P, the structure of a category with cofibrations and weak equivalences in the
sense of Waldhausen, and then feed these into the S. construction to get a sequence of K-theory
spectra
* 4 ('Pa) -+--.4K('2) -+ K('P1) -+ K('PO) = KC(X).
The induced filtration on homotopy groups is called the coniveau filtration on higher K-theory
(it's easy to see that on K 0 it coincides with the filtration we've already introduced).
Now we can take the homotopy fibers of the maps in the above tower, and look at the asso-
ciated spectral sequence of homotopy groups. Everyone's first guess is that this should be the
desired Atiyah-Hirzebruch spectral sequence we've been talking about-unfortunately this is not
right. Notice that when X = Spec k all the Pi's are trivial except P0 , so that the spectral sequence
is completely trivial and gives no information. On the other hand, we've already seen that the
spectral sequence we're looking for should be highly nontrivial even for Spec k. It turns out that the
coniveau filtration on the higher K-groups satisfies all of the basic properties listed above except for
(c), the behavior of the Adams operations.
Quillen showed in [Q2] that the above coniveau spectral sequence has the form
E2 = XP (X, KC) >K+q(X),
where Iq is the Zariski sheaf on X associated to U Kq (U) and X denotes sheaf cohomology.
This is certainly a kind of Atiyah-Hirzebruch spectral sequence, just not the one we want. Note
that this version requires a knowledge of the coefficient groups of algebraic K-theory to begin with,
whereas the one we're looking for is actually converging to those groups. We will encounter this
'dumb' version of the spectral sequence in other contexts below.
History. At this point we've introduced most of the basic concepts, terminology, and themes that
will occupy us in the following sections. We close this chapter with a brief (and probably incomplete)
history of the work on this problem.
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The spectral sequence in the form we've presented it first appeared in the appendix to [Be],
although its stagetime there is very brief. Lichtenbaum also may have known that something like
this should exist-certainly he set down ideas about the relationships between K-theory and motivic
cohomology in [Li].
Working independently, Landsburg [Lal] made an attempt to produce a spectral sequence from
Bloch's higher Chow groups into algebraic K-theory. Bloch had previously shown that the rational
K-groups split up as direct sums of the higher Chow groups, and Landsburg aimed to generalize
this. His method made use of relative cycle machinery on the cosimplicial schemes X x A*, which
he used to produce a candidate for an exact couple. Unfortunately, showing that the couple was
exact reduced to a difficult 'moving lemma' which was left open. (See also [La2, La3] for other
work on this approach). Some years later Bloch and Lichtenbaum [BL] followed similar methods
and managed to prove their moving lemma for the special case X = Spec k, thereby deducing the
spectral sequence in that case. There have been recent claims that Friedlander and Suslin can now
make this work for arbitrary smooth schemes.
A completely different approach was initiated by Grayson [Gr2], following a suggestion of Good-
willie and Lichtenbaum. The idea involved producing a tower of categories whose K-theory spectra
would sit in a tower of fibrations, with the fibers computing motivic cohomology. Mark Walker later
made extensive progress on this approach in his series of papers [WI, W2, W3, W4], but at present
it's still unknown whether the fibers of this tower give the correct theory in weights larger than one.
Finally, we should mention that Dwyer and Friedlander [DF] long ago constructed a version of
algebraic K-theory called itale K-theory, and showed the existence of a spectral sequence
H,t(X ; Z / 1(-{ -)) =: K pq(X ; Z /1).
Here the E2 -term consists of certain 6tale cohomology groups, and the spectral sequence converges
to etale K-theory with finite coefficients (1 is a prime). Thomason [T] proved a similar theorem in
which the spectral sequence converged to algebraic K-theory with finite coefficients and with the
'Bott element' inverted, and so he was able to identify this theory with Ket.
Without saying too much about this, it's worth pointing out that one can talk about 'motivic
homotopy theory in the 6tale topology', and this theory has notions of "6tale motivic cohomology"
and "6tale K-theory" (the latter of which turns out to coincide with the Dwyer-Friedlander con-
struction). Etale motivic cohomology with finite coefficients is known to coincide with the usual
etale cohomology groups (cf. [V]), and the motivic spectral sequence we've been discussing should
specialize to give the one Dwyer-Friedlander and Thomason produced.
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3. A POSTNIKOV-TOWER APPROACH
In topology one usually constructs the Atiyah-Hirzebruch spectral sequence by filtering a CW-
complex by its skeleta and looking at the resulting exact couple in K-theory (or in any other
generalized cohomology theory). A slightly different way of phrasing this is to begin by observing
that the tower of cofibrations
0> > XO> > X1> > X2> > .. n : X X
VS0 VSr VS2 in
induces a tower of fibrations upon taking mapping spaces into Z x BU:
(Z x BU)X (Z x BU)X :: -- (Z x BU)x' :: (Z x BU)x
(Z x BU)vs; (Z x BU)vs' (Z x BU)vs'
The homotopy spectral sequence for this tower of fibrations-see [BK], for instance-is the usual
Atiyah-Hirzebruch spectral sequence. (Note that the indexing conventions of the Bousfield-Kan and
Atiyah-Hirzebruch spectral sequences are different, however. We will tend to assume that the reader
has a black-belt in re-indexing spectral sequences to fit whatever conventions are demanded at the
moment, even though this is easier said than done).
Now it turns out that there is another way to construct the Atiyah-Hirzebruch spectral sequence
in topology, by 'filtering' the target Z x BU rather than the domain X. The approach we will focus
on does this via Postnikov sections:
When W is a topological space, let PW denote the nth Postnikov section of W-the space
obtained from W by attaching cells to kill the homotopy groups lrn+1 and higher. This can be
done functorially, via the small object argument for instance, and in such a way that there are
natural maps PnW -+ Pn_1 W. The homotopy fibres of these maps are necessarily spaces of the
form K(7rn W, n).
The Postnikov sections of Z x BU therefore sit in a tower of (homotopy) fibre sequences as follows:
(Z x BU) ..- - :P 2 (Z x BU) ::P1(Z x BU) ::Po(Z x BU) ::o*
K(Z, 4) K(Z, 2) Z
It's clear that Po(Z x BU) Z, and it turns out that P1 (Z x BU) Z x CP and P2 (Z x BU)
Z x CPI x K(Z, 4). The spaces P(Z x BU) for n > 3 are much more complicated, however.
Now we may again start with the above tower, take mapping spaces from X into each of the
spaces, and we'll get another tower of fibrations. It turns out that the homotopy spectral sequence
for this tower is again the Atiyah-Hirzebruch spectral sequence. This takes a bit of thought-one
way to see it is to
(i) Pick a cellular filtration of X;
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(ii) Take mapping spaces from the skeleta into the Postnikov sections of Z x BU, thereby producing
a double array of fibrations;
(iii) Try to chase through this double array to show that the two spectral sequences are indeed the
same;
(iv) Consume enough alcohol that you're willing to believe anything.
The homotopy theory of schemes. This section will be a brief account of the A'-homotopy
theory of schemes developed by Morel and Voevodsky [MV]. The purpose is not to make the reader
an expert in this material, but rather to build up a general context in which we can propose to
construct a 'Postnikov tower' for algebraic K-theory. Most of the technical details of the homotopy
theory of schemes will be confined to a black box.
As always, k is a fixed ground field. Let Sch/k denote the category of schemes of finite type
over k, and let Sm/k denote the full subcategory of smooth schemes. Morel and Voevodsky [MV]
produce a model category MVk with the following properties:
(a) There is an embedding Sch/k -4 M . (We will implicitly identify Sch/k with its image under
this map).
(b) Closed and open inclusions of schemes X - Y are cofibrations.
(c) If {U, -4 X} is a Zariski open cover, then the natural map
hocolim U. -* X
is a weak equivalence.
(d) The maps X x A' -+ X are weak equivalences.
In the category MVk one can define a bi-graded family of spheres Spq, where p ;> q. These can
be thought of as being analogous to 'spheres with group actions'-see section 4 for more about this
analogy.
We define
(i) S' = A' - 0.
(ii) S',O = Spec k[x, y]/(xy(1 - x - y))-so S1'0 is the union of the coordinate hyperplanes in A2 .
(iii) Spq - (S1,0)A(p-q) A (S,1)Aq.
As usual, the variable p is called the dimension and q is called the weight. Note that in the
case k = C one has that Spq is topologically a p-sphere (e.g., if one takes its space of complex valued
points).
The spheres Sn,O are called 'simplicial' spheres, because their homotopy type turns out to corre-
spond to the spheres one has in any model category. For instance, it's not hard to see that S"', is
the homotopy colimit of the diagram
* * *
*x*x*.
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Both motivic cohomology and algebraic K-theory are representable in the homotopy category of
MVk. For K-theory, one first defines GL to be the colimit of the group schemes
GL 1 -* GL 2 -- GL3 -+-
and then BGL is the homotopy colimit of the diagram
..G GLxGL GL *.
Morel and Voevodsky [MV] show that one has Bott periodicity in the form Q2,1 (Z x BGL) Z x BGL
and that Z x BGL represents algebraic K-theory: for X smooth,
KP(X) [S-P' 0 A X+, Z x BGL]. (p < 0).
To represent motivic cohomology Voevodsky constructs objects K (Z(n), 2n) which are essentially
defined as the infinite symmetric product of the sphere S 2 ,,, (the only subtlety being that the
symmetric product construction is not taken to be the categorical one). Then one has
H 2,-p(X; Z(n - q)) C [Sp' A X+, K(Z(n), 2n)], (p q 0).
(Note that K-theory could also have been defined as a bi-graded cohomology theory, but because of
Bott periodicity this doesn't really give anything new).
Our goal will be to construct a tower of homotopy fibre sequences
(Z x BGL) = ... - X3 X2 X Xo 3- *
K(Z (3), 6) K(Z (2), 4) K(Z (1), 2) Z
The associated spectral sequence for computing [X, -] will be the one we're looking for.
Algebraic Postnikov sections. Let M be a model category and let A be a set of objects in M. If
M is left proper and cellular in the sense of Hirschhorn [H], then we can localize M at the set of maps
{ A -4 * : A E A} [loc. cit.]-this means we can produce a new model structure on M in which the
maps A -+ * are weak equivalences. Let PA(-) denote the resulting localization functor. In words,
PA (X) is formed by starting with X, coning off all maps from objects of A into X to produce a new
object X 1 , doing this again to produce an X2 , and so on ad infinitum to produce PA(X). Morally,
PA(X) is the object closest to X which supports no non-null maps from elements of A. In the case
where M = Top and A = {Sk : k > n}, then PA(-) is just the usual Postnikov-sections functor.
The category MVk is a localization of a diagram category with values in simplicial sets, and is
therefore left proper and cellular by results of [H]. Let
A' = {S2n+ln A Sa,' I a > b > 0} U {S2n+,n+1I
and let
An= {SP A Spec R I R is a smooth, affine k-algebra and Sp'q E A' }.
The following is a-picture of the set A':
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q
(4,2)
Note that
Ao D A 1 D A 2 D -
Because of this, the localization functors PA. can be chosen so that there are natural transformations
PAO <-- P 1 +- PA 2  - - - -
Our objective is to apply these functors to the object Z x BGL and to hope that the fibres are
K(Z (n), 2n)'s.
Recall that there is a Bott element / : S2, 1 -+ Z x BGL which represents the element [L] - 1 E
K 0 (CP'), where L is the canonical line bundle over the projective line. The multiplication in
K-theory then gives us maps
3n : S2nn _- Z x BGL
and applying PAn yields
PA ( S 2 4',) -- ' PAn(4Z x BGL).
Since S2n,n E A,- 1 it's clear that the composite
PAn (S2nn) -* Pn (Z x BGL) -+ PAn_ (Z x BGL)
is null, so that PAn (S2nn) factors through the fibre.
So we have the following sequence of maps
Z x BGL .. - > :PA 2 (Z x BGL) : PA,(Z x BGL) :: PA(Z x BGL) :: *
PA2(S4 ,2 ) PA1(S2,1 ) PA0(So'0 )
and this leads to the following
Conjecture 3.1.
(a) PAn(S 2 nn) is a K(Z(n), 2n) for n > 1.
(b) The maps PAn (S2nn) -+ PA (Z x BGL) -+ PA,_ 1 (Z x BGL) form a homotopy fibre sequence
(n > 1).
(c) The natural map Z x BGL -+ holim, PAn (Z x BGL) is a weak equivalence.
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Remark 3.2. The reasonableness of this conjecture of course depends on how reasonable our choice
of the sets An was, and we haven't explained the motivation behind their definition. This will become
clear in time, no doubt. For now let us just state that the An were chosen so that
(i) An_ 1 ( An;
(ii) X E An_ 1 => S 2 ,1 A X E An;
(iii) S2n+k,n A Spec R E An for k > 0 and R a smooth, affine k-algebra.
(iV) S2n+1,n+l E An.
Assuming the conjecture, one gets a spectral sequence of the desired form. Properties like multi-
plicativity and the action of the Adams operations on the E2-term should then follow from formal-
but not always trivial-arguments. One can also show that the resulting filtration on the K-groups
satisfies all of the properties outlined in section 2-the arguments proceed almost exactly as they
would in topology.
Part (a) of the conjecture can be proven for n = 1 by using the fact that K(Z(1), 2) _ T and that
]P can be built from the spheres S2n,n. Part (b) can be handled for n < 2 using the fact that BGL
can also be built from the spheres Spq in a prescribed way (which comes from the identification of
BGL with the infinite Grassmannian, and the resulting Schubert cell decomposition). What makes
the cases n < 2 easy is that the fibrations actually are projections from a product, and one can
write down an explicit splitting. It's also easy to identify PAO (Z x BGL) with Z, and so the spectral
sequence has the correct form in weights 0 and 1.
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4. A NEw HOPE: Z/2-EQUIVARIANT ANALOGS
At the moment we unfortunately cannot settle the conjectures set down in the previous section.
But all is not lost-the remainder of the paper will study analagous constructions in the context of
Z/2-equivariant homotopy theory, and we'll be able to prove the conjectures in that case.
If X is a scheme over the real numbers, we may consider the topological space X(C) consisting
of its complex-valued points, where this space is given the analytic topology. X(C) has a natural
Z/2-action induced by complex conjugation C -+ C, so we get a functor
tC: Sm/R -4 Z 2 T0p, X '-+ X(C)
called 'topological realization'.
Since MVR was in some sense the universal homotopy theory built from Sm/R, it's not hard to
believe that tc extends to functors
MVR -+ Z2Top and Ho(MVR) -+ Ho(Z2Top).
Remark 4.1. Of course what one really wants is for tC to be the left adjoint of a Quillen pair
tC : MVR 27op : R.
It's easy to see that this can't happen: for instance, A1 - 0 -+ A' is a cofibration in MVR, but
applying tc gives the map C - {O} -+ C which is not a cofibration in Z2op. This phenomenom
is due to the peculiarities of the model structure on MVR, not to any inherent incompatibility
between the two homotopy theories. In fact, there is a different model category MV'--with the
same underlying category, and Quillen equivalent to MVR-for which tC does sit in a Quillen pair
tC : MVR ; Z270P : R,
and this is one advantage of MV' over its counterpart.
It turns out that the homotopy theory of Z270p is very similar to that of MVR. In particular,
there are spheres SP'q as well as analogs of algebraic K-theory and motivic cohomology.
More specifically, it will turn out that
(a) If a denotes the sign representation of Z/2 on R and Sn+m" denotes the one-point compactifi-
cation of the representation n + ma, then
(Sp'q) ~So -q+qa ; )
(b) tr(Z x BGL) Z x BU where the Z/2-action on BU is induced by the map U -+ U which
applies complex conjugation to the entries of a unitary matrix. The equivariant cohomology
theory represented by Z x BU is Atiyah's Real K-theory KR (cf. [At]). In other words, KR is
the Z/2-analogue of algebraic K-theory.
(c) tc(K(Z(n),2n) ~ SP,(tCS2n,n)) = Sp,(Sn+n,), and these spaces fit together to give an
equivariant Q-spectrum. This spectrum turns out to be the Eilenberg-MacLane spectrum HZ,
where Z is the 'constant coefficient' Mackey functor whose values are all Z. This will play the
role of motivic cohomology in the Z/2-world.
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(d) Using these correspondences, one immediately decides that the analogue of the algebraic Atiyah-
Hirzebruch spectral sequence HP(X, Z(-9)) =:> Kp+q(X) should be a spectral sequence
' H+-- 'N(X; Z) 4. KRP'q(X)
where X is now a Z/2-space (and as usual the group E2' is interpreted as being zero when q is
odd). In the subsequent sections we will investigate this incarnation of the spectral sequence.
Background and general notation.
The subsequent sections of the paper are concerned with the category of Z/2-spaces: from now
on a 'space' means a topological space with a Z/2-action, and a 'map' means an equivariant map.
Recall that a map of Z/2-spaces X -- Y is said to be an (equivariant) weak equivalence if
(i) it is a weak equivalence of topological spaces, and
(ii) the induced map Xz/ 2 -_ yZ/ 2 is also a weak equivalence of topological spaces.
The notation [X, Y] will denote equivariant homotopy classes of maps, and we'll use [X, Y]e to denote
the more mundane set of non-equivariant homotopy classes (the 'e' refers to the trivial group).
For general background on equivariant homotopy theory, the reader is referred to [M]. Z/2-
equivariant homotopy is somewhat special, and good references are [AM] and [Ar], as well as the
foundational paper of Atiyah [At].
If V is a representation of Z/2, let SV denote the one-point compactification of V with the
induced group action. Let a always denote a copy of R with the sign representation, so that every
representation V decomposes as V = n e ma for some n, m > 0. Note that S'+' ~ Sc ~ CP',
where both C and CP1 have the Z/2-action given by complex conjugation.
It is not true that every equivariant space can be built up from the spheres Sv, and it is not true
that weak equivalences can be characterized as the maps inducing isomorphisms on [Sv, -]. The
role of the spheres SV is that these are the objects one uses to stablize the theory.
Motivic Indexing.
Let S1 '0 denote a circle with trivial Z/2-action, and let S',' denote a circle whose Z/2-action is
reflection through a diameter (so that S1'1 = SU). For p > q we set
Spq = (S1'0 A ... A S1'0 ) A (S'' A ... A S11) = S(p-q)+qU
where there are p - q copies of S1 '0 and q copies of S1,1. Note that
(i) Spq is topologically a p-sphere;
(ii) S nO is an n-sphere with trivial Z/2-action;
(iii) S2,1 L'C - CP', and more generally S2n,n ~ S Ct ~pn/Cpn- 1
Remark 4.2. The reader is warned that the papers [AM, Ar, At] also define a bi-graded family
of spheres, but their indexing is different from the one introduced above. Our SP'q corresponds to
what Araki calls Eq'p-q, for example.
Note that one can think of S2n,n as the Thom space of the trivial bundle C" _* pt. It follows
that constructions like Thom classes, Chern classes, etc., always turn up in dimensions (2n, n). The
main advantage of the motivic indexing is that it leads to familiar-looking formulas: by forgetting
the second variable one always get a statement which is familiar from topology.
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We will need to talk about stable phenomena in the equivariant context. The following definition
is taken from [AM, Section 7]:
Definition 4.3. A (naive) Z /2-spectrum is a sequence of Z /2-spaces E0 , E 1 , E 2 ,... together with
maps E 2,1E, -+ En+1 . An a-spectrum is one for which the adjoints
En -+ Q2,1En+1
are equivariant weak equivalences.
A spectrum E gives rise to a cohomology theory in the usual way, but now the cohomology
theories are bi-graded: we define
EP'q(X) = colim[S 2 n-p,n-q A X+, En].
Example 4.4. Consider the space Z x BU, where the Z/2action is induced by the maps U(n) -4
U(n) which apply complex conjugation to the elements of a unitary matrix. Atiyah [At] produces a
weak equivalence
Z'x BU -~+ Q2,1 (Z x BU),
and so we can form an Q-spectrum consisting of the space Z x BU in every dimension. This spectrum
is called the Real K-theory spectrum and denoted KR. KR-theory has the properties
(i) KRP'q(X) !-- KRp+2,q+l (X) (Bott periodicity).
(ii) If X is a non-equivariant space, then KRP'O(Z/2+ A X) e KP(X).
(iii) If X has trivial Z/2-action, then KRP,'(X) e KOP(X).
Thus, one may regard KR-theory as a kind of bridge between K-theory and KO-theory; this was
Atiyah's original motivation for introducing it.
We close this section by once again writing down the functors PA":
Let
An= {S 2n+1'" A Sab I a > b > 0} U {S2n+1,n A Sab A Z/2+ I a > b > 0} U {S 2 +1 ,n+1 }.
PAn will denote the corresponding localization functors-as before, these can be chosen so that there
are natural transformations PAn -+ PA,. The remainder of the paper will be spent analyzing the
tower
Z x BU .- - > :PA(Z x BU) >: PA1 (Z x BU) :: PO(Z x BU) :: *
PA2 (S4 ,2 ) pA (S2, 1 ) PA0(So 0 )
which we'll show is a tower of homotopy fibre sequences. We will also identify the spaces PA. (S2nn)
with the 'Eilenberg-MacLane' spaces representing a certain cohomology theory, which is introduced
in the next section.
Remark 4.5. In the algebraic case we had to localize at S 2n+1 ,n A Sa b A X for every smooth
scheme X, which suggests that in the present context we should have done the same thing but
with X replaced by any Z/2-space. A priori the localization we defined above is a weaker one, but
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actually they're equivalent. The point is that any Z/2-space can be built from the spaces S"'0 and
S '0 A Z/2+, and so if we localize at W and W A Z/2+ then we've in fact also localized at W A X
for any space X. The difficulty in the algebraic case is that there is no 'small' collection of objects
from which one can build all smooth schemes.
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5. THE EILENBERG-MAcLANE COHOMOLOGY THEORY HZ
In this section we
* Summarize the results of this section;
* Recall the definition of Mackey functor, and in particular the constant coefficient Mackey
functor Z in the Z/2-case;
" Compute the coefficient groups HP'q(pt; Z) and HPq(Z /2; Z), together with their ring structure;
" Show that the spaces SP (S 2n,n) define the Q-spectrum which represents the equivariant
cohomology theory H* *(-; Z);
" Discuss what the spectral sequence from H(X; Z) to KR(X) should look like when X = pt.
" Heartlessly and mercilessly refrain from giving anything resembling a proof.
Mackey functors.
When G is a finite group, let Or(G) denote the orbit category of G-the full subcategory of G-spaces
whose objects are the orbits G/H. Recall that a Mackey functor for G is a pair of functors (M*, M")
from Or(G) to Abelian groups having the properties that
(a) M* is contravariant and M* is covariant;
(b) M*(G/H) = M.(G/H) for all H;
(c) For every t G/H -+ G/H one has t, o t* = id;
(d) The double coset formula holds.
We will not write down what the last condition means in general-the reader may attempt to find
it in [M], for instance.
Note that in the case G = Z/2 the orbit category is quite simple, having the following form:
t
Z/2 " e
where it = i and t 2 = id. It follows that a Mackey functor for Z/2 consists of Abelian groups
M(Z/2) and M(e) together with restriction maps
M(e) '*+ M(Z/2) M(Z/2) -'_+ M(Z/2)
and transfer maps
M(Z/2) - L M(e) M(Z/2) 14 M(Z/2)
satisfying the following conditions:
(i) (Contravariant functoriality) (t*)2 = id and t*i* = i*;
(ii) (Covariant functoriality) (t.) 2 = id and iZt* =Zi*;
(iii) t* o t* = id;
(iv) (Double Coset formula) i* o i,, = id + t*.
We will follow the practice of specifying a Mackey functor for Z/2 by specifying the diagram
M(Z) M (e).
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Example 5.1.
(a) The Mackey functor we will be most concerned with is the constant coefficient Mackey functor
Z:
id
02
Z :e Z.
id
Such a Mackey functor exists over any finite group G (and for any abelian group in place of
Z): the restriction maps are all identities, and the transfer maps M(G/H) -+ M(G/K) are
multiplication by the index [K : H].
(b) The opposite of a Mackey functor-obtained by switching the transfer and restriction maps-is
again a Mackey functor: e.g., Z"P is
id
0id
Z :1 Z.
2
(c) The Burnside ring Mackey functor A is the one for which A(G/H) is the Burnside ring of H.
For G = Z/2 this is
id
ni*
where i*(a, b) = a + 2b and i*(a) = (0, a).
Every Mackey functor M has an associated RO(G)-graded cohomology theory denoted H* (-; M)
(so that * can take the value of any orthogonal G-representation) which is uniquely characterized
by the properties that
H'(G/H; M) JM(G/H) if n= 0,
0 otherwise,
and the restriction maps H0 (G/K; M) -+ H 0 (G/H; M) induced by i : G/H -+ G/K coincide with
the maps i* in the Mackey functor. The transfer maps of the Mackey functor will coincide with the
transfer maps in this cohomology theory (or with the pushforward maps in the associated homology
theory). The reader may consult [M] for details.
Our purpose in this section will be to study the cohomology theory H*((-; Z) (which we'll some-
times write HZ). The most basic question is: what are the groups HP'q(pt; Z), and what is its ring
structure?
Theorem 5.2.
(a) The abelian group structure of H*,* (pt; Z) is
Z/2 if p - q is even and q > p > 0;
HJP' (pt; Z) Z if p =0 and q is even;
Z/2 ifp-qis odd andq+1<p<0
0 otherwise.
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These groups are shown in the following picture, where hollow circles represent Z 's and solid
dots represent Z/2's (note that the p-axis is the vertical one):
p
11
2-
.. .... I ... .. .. .
..-- -1 0 1 2 3 2
(An easy way to keep track of the grading is to remember that y E H1'1 and x E HO,2).
(b) The multiplicative structure is completely determined by the properties that
(i) It is commutative;
(ii) The solid lines in the above diagram represent multiplication by the class y E H"'1;
(iii) The dotted lines represent multiplication by x E HO,2 (but note that only a representative
set of dotted lines have been drawn);
(iv) xa = 2.
In particular, the subring consisting of H P' where p, q > 0 is the polynomial algebra Z [x, y]/(2y).
(c) The elements in degrees (n,n), where n > 0, and in (0,m) where m < 0 are all in the image of
the Hurewicz map.
(d) The ring H*'*(Z/2; Z) is isomorphic to a polynomial ring Z [u], where u has degree (0,2).
Remark 5.3. In the motivic setting one has that HP'q(pt; Z) = 0 for q < 0, and this is not the case
for the Z/2-equivariant version of the theory. The non-zero motivic cohomology groups correspond
to the groups lying in the first quadrant of the above diagram, with the same vanishing line. The
points lying along this line would be the Milnor K-theory groups.
If X is a topological space then let SPk(X) = Xk//Ek be the kth symmetric product of X. If X
is pointed then we can form the sequence
X = SP'(X) -+ SP 2 (X) _+ SP 3 (X) - -
where the maps send a word xIx 2 ... xn to *x1x 2 ... x,. The direct limit of these maps is denoted
SP (X). Note that if X is a G-space then each SPk(X) inherits a G-action in an obvious way.
When X and Y are pointed spaces there is a natural map
SP (X) A SP (Y) -+ SP (X A Y);
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if X and Y have group actions, this map is equivariant. So the maps
S 2 ,1 A S2n,n -+ S2(n+1),n+1
induce maps
S2,1 Sp, (S2n,n) -+ SP (S 2, 1) A SPS2n,n) -+ Sp,(S2(n+,(n+1
This shows that the sequence of spaces {SP,(S2nn)} forms a Z/2-spectrum.
The following theorem is only a slight modification of a result proven by Lima-Filho and Santos
[LF, Sa]. If AG(X) denotes the topological free abelian group generated by X, Lima-Filho studied
the spectrum {AG(S 2n,n)} (but for an arbitrary finite group, not just G = Z/2) and showed that
it was the Eilenberg-MacLane spectrum for a certain Mackey functor. Unfortunately there was a
slight error in the identification of this Mackey functor, and this was later discovered and corrected
by Santos. The only thing we have to add to the subject is that AG(S 2n,) can be replaced by
SP,(S 2n,n)-this will be important in later sections, where the geometry of the infinite symmetric
product construction is exploited.
Theorem 5.4. The spectrum {Sp,(S2nn)} is an Q-spectrum, and it represents the cohomology
theory HZ.
Proof. This follows from the above remarks and the results in Appendix A. l
Definition 5.5. Let K(Z(n),2n) denote the nth space in the Q-spectrum for HZ (so that
[X, K (Z (n), 2n)]. -- H-2n,n (X ; Z)).
Corollary 5.6.
(a) Non-equivariantly, K(Z (n), 2n) is a K(Z, 2n).
(b) The induced action of Z/2 on r2,(K(Z(n), 2n)) = Z is multiplication by (-1)".
(c) The fixed set K(Z(n), 2n)z2 has the homotopy type of either
K(Z, 2n) x K(Z/2, 2n - 2) x K(Z/2, 2n - 4) x - x K(Z/2, n) (n even,)
or
K(Z/2,2n - 1) x K(Z/2,2n - 3) x - x K(Z /2, n) (n odd).
Proof. This is an easy consequence of the theorem, together with the explicit computations of the
coefficient groups H* (pt; Z) and H* (Z/2; Z) already recorded. l
Remark 5.7. From (a) and (b) it follows that the homotopy fixed set K(Z(n),2n)hZ2 has the
homotopy type of either
K(Z, 2n) x K(Z/2, 2n - 2) x K(Z/2, 2n - 4) x ... x K(Z/2, 0) (n even),
or
K(Z/2,2n - 1) x K(Z/2,2n - 3) x ... x K(Z/2,1) (n odd).
So the actual fixed set is a kind of truncation of the homotopy fixed set.
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The spectral sequence for a point.
In the following diagram we draw the spectral sequence
HP(pt; Z (- -)) =# KRP+q(pt) = KOp+q(pt),
but using Adams indexing rather than the usual Serre conventions.
P2
6-
4-
2-
0-0 9 0 , 0 0. 0 . 0 o 0 0 0
0O 2 4 6
-(p +q)
There are several points to make:
(a) Using the multiplicative properties of the spectral sequence, one only has to determine the two
differentials labelled 'd'-all the others can be deduced from this one. Since we know the groups
KO*(pt), it's clear that these two differentials have to exist. (It would be nice to have a more
intrinsic explanation, however).
(b) The spectral sequence collapses at E3.
(c) We can read off the action of the Adams operations on KO'(pt) for n < 0 directly from the
spectral sequence, the 'weight lines' being along the antidiagonals: KOO is pure of weight 0,
KO-' is pure of weight 1, KO-2 and KO' are of weight 2, KO-8 is of weight 4, etc.
(d) The part of the spectral sequence in the first quadrant is known to topologists in another setting:
it's the Adams spectral sequence for bo based on bu. The part of the spectral sequence in the
third quadrant is related to the Brown-Comenetz dual of this Adams spectral sequence. The
reason for these connections is somewhat of a mystery.
d
30
31
6. SYMMETRIC PRODUCTS AND POSTNIKOV SECTIONS OF SPHERES
In this section we use a geometric analysis of the infinite symmetric product construction to
identify K(Z(n), 2n) with a certain localization of the sphere S 2 ,,,.
Let '3n denote the set consisting of the objects
* S2n+p,n , p 1 2+ A Z/2+,> 1; *2n+,n+.
Theorem 6.1. Let n > 1 and let a : S2n, S _ po(S2n,n ) be the obvious map. Then the maps
(i) P 3 n(S 2n,n) P 3 (Spoo (S2n,n)), and
(ii) SP (S 2n,n -4 n SPoo-2n,n*)
are equivariant weak equivalences, so that PB,(S2nn) ~ K(Z(n),2n). Moreover, the same holds
with 'Bn replaced by An.
The proof involves the following steps:
(1) Produce cofibre sequences
S 2n," A (np - 0)/Ek _+ SPk-(S 2nn) -+ SPk(S 2nn)
where V is the reduced regular representation of the symmetric group Ek (defined below).
(2) Show that
PB n(S 2 n,n A (nV - 0)/Ek)
The key ingredient for this is a geometric analysis of the Z/2-fixed sets of the orbit space
(nV - 0)/Ek.
(3) Use (2) to show that
P3 (SP- 1 (S2n,n)) -+ PB n(SPk(S 2n,n))
is a weak equivalence, and conclude that the same holds for Psn (S 2n,n) -+ P~n (Sp' (S2n,n)).
(4) Observe that SP (S 2n,n) is 'B-local, so that SP (S 2n,n) _+ p 3 n(Spo(S2n,n)) is a weak
equivalence.
(5) Argue that replacing ', with An can't change any of these conclusions, since An is a stronger
localization and K(Z(n), 2n) is known to be An-local.
Step 1. Consider the filtration of SP,(S2 nn) given by the finite symmetric products:
s2n,n c sP2 (S2n,n) sP3 (S2n,n) C... C Spoo(S2n,n)
Recall that the regular representation of the symmetric group Ek is the space V = Ck where
the group acts by permuting the standard basis elements. This contains a trivial, one-dimensional
subrepresentation consisting of all vectors (z, z,... , z), and the reduced regular representation
V is the quotient of V by this subrepresentation.
The following proposition was inspired by a result of [JTTW], which handles the case k = 2:
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Proposition 6.2. The inclusion SPk-1(S 2n,n) _4 spk(S2nn) sits in a homotopy cofibre sequence
of the form
S2n,n A (nV - 0)/ Ek -* SPk-(S 2 nn) spk (2n,n)
where V denotes the reduced regular representation of Ek.
Proof. To save ink, write B = B(Cn) and S = S(Cn) for the unit ball and unit sphere in Cn. We
begin with the relative homeomorphism
(B, S) 4 (2,
Applying SPk to these pairs gives a relative homeomorphism
(Spk() / a (Spk SWn,n, spk-1( Wn,n))
where Z is the space
(S x B x ... x B) U (B x S x B x ... x B) U ... U (B x ... xBxS)CB.
This says that there is a pushout square of the form
Z/Ek >spk-l(s2n,n)
I I
SPk(B) Spk(S2nn)
Since Spk (B) is clearly contractible, the desired cofibre sequence will follow if we can identify Z/Ek
with S2n,n A (nV - 0)/Ek.
Z naturally includes into (C m  .. (D C") - 0, and the assignment
Z - S(Ct  e C)
is easily seen to be a homeomorphism which is both Z/2- and Ek- equivariant (where Ek acts by
permuting the summands). So we may identify the Z/2-spaces Z/Ek and S(Cmk )/Ek.
Now C D ... ® C, is isomorphic to n copies of the regular representation V, and therefore decom-
poses as nonV (and this respects the Z/2-action as well). Lemma 6.3 below gives a homeomorphism
S(n G nV)/Ek ~ S(C") * S(nV)/Ek,
where X * Y denotes the usual join of X and Y. It is a general fact (true in any model category)
that for pointed spaces X and Y, the join X * Y is weakly equivalent to E(X A Y). And it's easy
to see-using the fact that W" C C is fixed by the Z/2-action-that both S(C") and S(nV) have
nonempty Z/2-fixed sets, and therefore can be made pointed. So we finally conclude that
Z/k Ek eS(C m )* S(nP)/ZE ~ S' 0 A S(Cm ) A S(niV)/Ek
~ 510 A S2n--l, A (nV -0)/Ek
- S2nn A (nV - 0)/Ek.
D-
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Lemma 6.3. Let V and W be orthogonal representations of Z/2. Let G be a finite group acting
Z/2-equivariantly and orthogonally on W, and let G act on V trivially. Then there is a natural
Z/2-equivariant homeomorphism
S(V) * S(W)/G - S(V @ W)/G
where the space on the left denotes the join.
Proof. A point in the left-hand space can be represented by a triple (v, t, [w]) where v E S(V),
t E [0,1], w E S(W), and [w] denotes the G-orbit of w. The homeomorphism is defined by
(v,t,[w]) 4[V v-t -ev D vt -w].
We leave it to the reader to check that this is indeed well-defined and a Z/2-equivariant homeomor-
phism. 0
Step 2.
Proposition 6.4. Let X = (nV - 0)/Ek, where k > 2 and n > 1.
(a) The fixed set XZ/ 2 is path-connected for k > 3.
(b) When k = 2, X 2 /2  jpn-1 \ ,pn-1, and there exists a map S" -+ X which on fixed sets
SO -XZ/2
induces a surjection on 7ro .
Proof. The argument involves producing explicit paths in the fixed sets. As it's somewhat lengthy,
we postpone it until the very end of the section. L
Corollary 6.5. Consider the set consisting of the objects
0 S"'0 , n > 1; 0 S"'0 A Z/2+, n >L * 11.
Then the localization of X at this set is contractible.
Proof. Let PX denote the localization of X. To show PX is contractible we have only to check that
[Sn,0, X] - [S"'0 A Z/2+, X] = 0 for all n > 0. For n > 1 this follows just from the definition of PX.
We are therefore reduced to checking n = 0, which is the statement that both PX and (PX)Z/ 2 are
path-connected (as non-equivariant spaces).
Now clearly X is path connected, being the quotient of the path-connected space nV-0. Attaching
cones on maps cannot disconnect the space, so PX must also be path-connected.
Proposition 6.4 says that Xz/2 is path-connected for k > 3, and it's easy to check that attaching
cones on maps cannot disconnect the fixed set. So (PX)z/ 2 is again path-connected in this case.
When k = 2 the proposition says that Xz/2 has two path components, but they are linked by an
S1,. Attaching a cone on this map will give a space whose fixed set is connected, and then reasoning
as in the previous paragraph we find that PX will also have that property. l
Corollary 6.6. The space P 3 n (S2nn A (nV - 0)/Ek) is contractible.
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Proof. Let X = (nV - 0)/Ek, and suppose we cone off a map S1'o -+ X to make a space X':
S1,0 -+ x - X'.
Smashing with S2n,n gives a cofibre sequence
s2n+l,n -+ s2n,n A X -+ S 2 n,n A X',
and since P3 (S2n+1,n) * it follows by Proposition B.5(b) that
P3 n(S
2n, A X) ~--+ P,(S 2n'" A X').
In other words, we may cone off arbitrary maps S1'0 -+ X without effecting the homotopy type
of P 3,n(S 2n ' A X). The same reasoning shows we can cone off maps S1" -+ X, Sn'0 -+ X, and
Z/2+ A S '' -+ X (n > 1) with the same result. So the conclusion is that
PB.(S 2 n'h A X) ~ Pn(S 2 n,n A PX),
where PX denotes the localization considered in Corollary 6.5. But that corollary says that PX is
contractible, and so we're done. L
Step 3.
Proposition 6.7. For n > 1, the map S2nn -+ Spo(S2n,n) becomes a weak equivalence after
applying Ps..
Proof. Let us feel free to simplify P3 . (X) to just P(X), and SPk (S2nn) to just Spk. Proposition 6.2
gives cofibre sequences
S2n,n A (nV - 0)/Ek -+ Spk-1 Spk,
and we have seen that
p(S2n,n A (nV - 0)/Ek)
So Proposition B.5(b) shows that P(SPk-1) _+ p(Spk) is a weak equivalence. Hence, one has a
sequence of weak equivalences
P(S 2n,n) -4 p(Sp 2) ~ P(SP) _~+ --+
We want to show that the map P(S2n,n) -+ P(SP ) is a weak equivalence: this is almost immediate,
but requires a little dancing around.
Consider the diagram
YI '1 4,3hciP(S ) '3 / 32n * , g~nn
hocolim p(Spk) :-E 01hocolim Spk / P(hocolim Spk).
The map -y is a weak equivalence by what we have just shown. On the other hand, if we work in the
'B-local model category then the maps a, )31, and 02 are all 'Bn-weak equivalences, and therefore
6 must be a 'B-weak equivalence as well. But a local weak equivalence between local objects must
be a weak equivalence in the un-localized model category (Proposition B.4).
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Now look at the composite of the two maps
P(S2 n,n) - P(hocolim SPk) -4 P(colim SPk) = P(SP,).
The second map is a weak equivalence because hocolim SPk -+ colim SPk was a weak equivalence,
and we have just shown that 6 is a weak equivalence. So the composite is also one. El
Steps 4 and 5.
Conclusion of the proof of Theorem 6.1. We know the homotopy groups of K(Z(n), 2n) precisely
because we have computed the coefficient groups HP'(pt; Z) and Hpq (Z/2; Z). In particular, we
know that
[S 2 n+p,n, K(Z (n), 2n)] = H-P'0 (pt; Z) = 0
[Z/2+ A S2n+p, , K(Z(n), 2n)] = H-P'0 (Z/2; Z) = 0
[S 2 n+l~"1 , K(Z (n), 2n)] = H-'(pt; Z) 0.
This shows that SP (S 2 n,n) is 'Bn-local, which implies that the map
SP,(S2n,) _ P (SP'(2n*n
is a weak equivalence.
In fact, it's easy to check that K(Z(n), 2n) is actually An-local, and therefore
SPoo(S2n,n) - Pn  g(SPoo (s 2nn))
is a weak equivalence. Parts (2) and (3) also work just as well with 'Bn replaced by An, since PAn
is a stronger localization and so PAn (S2n," A (nV - 0)/Ek) will still be contractible. El
Loose ends: The analysis of the fixed sets [(nV - 0)/J]Z/2.
The one thing still hanging over our heads is the
Proof of Proposition 6.4. In this proof we'll interpret 9 as {(zi, . . . , Zk) zi = 0}, where Ek acts
by permuting the entries. The notation [z1 ,... , Zk] will denote the Ek-orbit of (z 1 ,... ,zk). We
begin with part (a), which is the case k > 3:
First assume n = 1, and let
A = {[ri,... ,rk] rI E IR} C XZ/ 2.
Clearly A is path-connected, as A (Rk- -- 0)/Ek and R-l - 0 is path-connected (since k > 3).
We will show that any element of XZ/ 2 can be connected by a path to an element of A.
If [z 1 , ... ,Zk] E Xz/2 then there is a a E Ek with the property that
(Z'(1), . . . , Za(k)) = (21, ..... 4).-
By writing o- as a composite of disjoint cyclic permutations, it's easy to see that this can only happen
if (z 1 ,... , Zk) has the form
(W1, 714, ... , 17, J, , , r )
up to permutation of the z's (where ri E IR).
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If all the wi's are real, then our point is already in A and we can stop. So we can assume that
w, g R. Consider the path
t [wI1 + f(t), t1 + f(t), tw2 , 2 ,... , twi, tPi, tr1,... , tr]
where
1f(t)= (2Re(wi) + 2tRe(w 2 ) +... + 2tRe(wi) + tr1 + ... + trj)2
(so f (t) is the real number which makes the sum of the components zero in the previous expression).
It's easy to see that this describes a path in Xz/2 connecting our original point with
[W1 + f (0), cvi + f (0), 0, . .. , 0],
and this point has the form [bi, -bi, 0, ... , 0] for some nonzero b E IR. Next we consider the path
t - [t + b(1 - t)i, t - b(1 - t)i, -2t, 0, 0, .. . , 0]
(and here we use the fact that k > 3). This is a path in Xz/2 connecting [bi, -bi,0,... ,0] with
[1, 1, -2,0, ... , 0], the latter of which is in A. So this completes the proof that XZ/ 2 is path-connected
when n = 1.
Now consider the case n > 1, and let [v] = [vi,... ,v.] E XZ/ 2 , where each vi C V and some vi
is nonzero. The path
t -+ [tv 1 + (1 - t)vi, tv2, tv3 ,... ,tv ]
gives a path in Xz/2 from [v] to [vi, 0,... , 0]. But the fact that [(V - 0)/Ek]z/ 2 is path-connected,
which we have just shown, guarantees that any [v, 0, .. . , 0], [w, 0, ... , 0] E XZ/ 2 can be connected
by a path in XZ/2. So we conclude that XZ/ 2 is path connected for n > 1 as well.
Now we turn to part (b), which is the case k = 2. The reduced regular representation of S2 is
V = C with the action multiplication by -1. So X = (nC - 0)/E 2 ~ P 2 n-1 It's not hard to see
that
XZ/2 - {[ri,.. . , T, r, E IR} U {[isi,... , is] I S, E R}.
Each of the sets in the above union is isomorphic to R' - 0/t1 IRP". To see that the union is
disjoint, first note that this is easy to check when n = 1. Then consider the map X -+ (C - 0)/E2
which sends [zi, ... , zn] to [zi]. On fixed sets this gives
XZ/2 _- [(C - 0)/ ± 1]Z/2 SO,
and it's clear that this map separates the two components identified above.
So this proves that XZ/ 2 has two path components, each of which is homotopy equivalent to
RPn-i, Consider the map
(C - 0)/ ± 1 - X
[z] [z,0,... 0].
It's easy to check that (C - 0)/ t 1 S1 1, and that on fixed sets the map induces a bijection on
the sets of path-components. This is what we wanted. E
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7. THE POSTNIKOV TOWER FOR Z x BU
The goal of this section is the following
Theorem 7.1. Let 3 : S2' 1 -+ Z x BU be a map representing the Bott element in KR0 '0 (S 2,1), and
let 3 : S2n,n -* Z x BU denote its nth power. Then
PAn (S 2 ,,,) -+ PA, (Z x BU) -+ PA_ ( Z x BU)
is a homotopy fibre sequence.
Corollary 7.2. There is a tower of homotopy fibre sequences
-- PA2 (Z x BU) ::-PA, (Z x BU) :PA, (Z x BU) :: *
K(Z (2), 4) K(Z(1), 2) z
Strategy of the proof.
For the remainder of the section we let F, denote the homotopy fibre
F,, -' P(Z x BU) -+ PA,, (Z x BU).
There is a map PAn (S2f,) -+ F (unique up to homotopy), and the task is to show that this is a
weak equivalence. A key ingredient is the following lemma about identifying Z/2-weak equivalences.
It's a special case of [Lw, Lemma 3.7], applied to G = Z/2 and V = C7 :
Lemma 7.3. Let X and Y be Z/2-spaces with the properties that
(i) [Sko, X] = [SkO,Y] = 0 for 0 < k < n, and
(ii) [Z /2+ A Sk,O X] = [ /2+ A S'k,OY] = 0 for 0 < k < 2n.
Then a map X --+ Y is an equivariant weak equivalence if and only if it induces isomorphisms
[s2n+k,n, X] . [S2n+k,n, Y] and [Z/2+ A 2n+k,n, X] -? [2/2+ A2n+k,n Y
for every k > 0.
Remark 7.4. The condition that [Sk',O X] = 0 for 0 < k < n, and that [Z/2+ A Sk,o, X] = 0 for
0 < k < 2n says precisely that X is (I C' 1* -1)-connected, in the language of [Lw, Definition
1.1].
We know PAn (S 2n,") is a K(Z (n), 2n)-space, and therefore we know it's homotopy groups, because
we've computed HPq(pt; Z) and HP'q(Z/2;Z). So it's easy to see that K(Z(n),2n) satisfies the
conditions in the above lemma. The strategy for this section will be to
(a) Show that F, also satisfies the conditions of the lemma;
(b) Observe that [S2n+kn,, Fn] = [Z/2+ A S2n+k,n, F] = 0 for k > 0, for trivial reasons;
(c) Show that PA (S2n,n) -4 F7' induces isomorphisms on [S 2 ,", -] and [Z/2+ A S2n,n, _
(d) Use Lemma 7.3 to deduce that the map PA (S2nn) -+ Fn is a weak equivalence.
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Working up to the proof.
Let An denote the set consisting of the spaces
. S2n+1,n A Sa,, a>b>0 * S 2n+l,n A S"'b A Z/2+, a > b > 0.
So An =An U {S 2n+1 ,n+1 }. We will write PnX for PA (X), and PnX for P A(X).
It will turn out that to identify the homotopy fibres in the Postnikov tower it's necessary to work
with the functors P rather than with P. The point is that in order to use the above lemma we want
to have control over the maps from Sko (0 < k < n) and S2n,n into the fibre Fn. The objects we're
killing when forming P all come from S2n," (and therefore also from the Sk'O) by suspending at least
once in the simplicial direction. This turns out to guarantee that we're not creating new maps from
S",' or the Skos when we form P:
Lemma 7.5. The map X -+ PX induces
(i) an isomorphism on [SkO, -] for k < n, and an epimorphism on [Sn+1,0, -_;
(ii) an isomorphism on [Z/2+ A Sk, -] for k < 2n, and an epimorphism on [Z/2+ A S2n+1,0 ,
(iii) an isomorphism on [SP'q, -1 for p < 2n and p - q n, and an epimorphism for p < 2n + 1
and p - q < n + 1;
(iv) an isomorphism on [S 2n,n-
Proof. When we form PsX what happens on the non-equivariant level is that we're attaching cones
on maps S 2 2+ -+ X and S2 --+ V S2"+' - X for p > 0. So it's clear that [Sk, X]n - [sk, P2X]e is
an isomorphism for k < 2n and an epimorphism for k = 2n + 1-this proves (ii).
When one attaches a cone of A -+ X, then the effect on the fixed set is that of attaching a cone
on AZ/2 - XZ/ 2 (this is a surprise!) So when we form PnX, the effect on the fixed set is that of
attaching cones on maps SP -+ Xz/2 for p > n. It follows that [Sk, XZ/ 2]e -+ [sk, (P5X)Z/2e is an
isomorphism for k < n and an epimorphism for k = n + 1. This proves (i).
Part (iii) follows directly from (i) and (ii) using [AM, Proposition 11.2]. Alternatively, pick a
sensible Z/2-CW structure on SP'q in which the skeleta are built up from Sk,''s and Z/2+ A Sko's
in the range considered in parts (i) and (ii); then induct up over the skeleta.
Part (iv) is a special case of (iii).
For Z x BU the functors P and P coincide:
Lemma 7.6.
(a) Let X be a pointed Z/2-space with the property that the forgetful map [S2 ,n,, X] -> [S2n, X ]e is
injective. Then the natural map Pn(X) -* Pn(X) is a weak equivalence.
(b) Pn(Z x BU) -+ Pn(Z x BU) is a weak equivalence.
Proof. For (a), we only have to show that [S2n+l,n+l, Pn(X)] = 0-i.e., that Pn(X) is local with
respect to An, not just An. Consider the basic Puppe sequence
Z/ 2 + -+ S0 '0  S11 -+ Z/2+ A S1' -
Smashing with S2n,n yields
Z/2+ A 2nn -+ S2nn -+ 2n+1,n+1 -+ Z /2+ A S2n+1,n.
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Mapping this sequence into PnX gives the top row of the following diagram:
[Z/2+ A S 2 -,, P X : [S 2-,A pX] : [S 2 n+ 1,+ 1, &X] : [Z/2+ A S2n+ 1 ,n , PX] = 0
[Z/2+ A S 2 n ,n x] < [S2n,n, X].
The right-most group in the top row is zero just because of the definition of Ps, and Lemma 7.5
implies that the vertical maps are isomorphisms. The map in the bottow row may be identified with
the forgetful map
[s2n, Xe ]+- [s2n,n, X]
and we have assumed that this is injective. It's now clear that [S2 n+l,n+l,5 P(X)] must be zero.
Proving (b) is of course just a matter of checking that Z x BU has the property specified in (a).
So we must check that the forgetful map
Z = KR0 ' (S 2 n,) -4 K (S 2 n) = 2
is injective. But the map is easily seen to be an isomorphism, as one can write down explicit
generators for both the domain and target.
Proposition 7.7.
(a) Non-equivariantly, Fn is a K(Z, 2n).
(b) [Sk', Fn] = 0 for 0 < k < n.
Proof. Part (a) is clear, since Pn(Z x BU) is non-equivariantly a (Z x BU) < 0, ... , 2n >-space. To
prove part (b) we use the identification of Pn(Z x BU) with Ps(Z x BU) to see that F, sits in a
homotopy fibre sequence
F, -+ Pn(Z x BU) -4 n_ 1 (Z x BU).
This gives an exact sequence
- + [Sk, Fn] _ [Sk', pn(Z x BU)] - [SkA', Pn_1(Z x BU)] -+
Now we have already seen that the map Z x BU -+ P (Z x BU) induces an isomorphism on [Sk'o, -]
for k < j, and an epimorphism on [Sj+'1 O, -]. From this it follows that a0 k will be an isomorphism for
k <n, and an epimorphism for k = n. The fact that [Sk'0, F] = 0 for k < n is then immediate. L
Proposition 7.8. The map PAn (S2 ,n) -4 Fn is a weak equivalence.
Proof. We know at this point that the two spaces satisfy the conditions of Lemma 7.3: for PA. (S2l,)
this is obvious because it's a K(Z(n), 2n), and for F it is the content of the previous proposition.
So the lemma implies that it is enough to check that
[S2n+k,n, P(s2n,n)] _+ [S 2n+k,n, F] and [2/2+^ S 2n+k,n p(S2n,n)] -+ [2/2+ S 2n+k,n, F]
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are isomorphisms, for every k > 0. For k > 0 this is trivial, since all the groups are known to be
zero. So we only need check k = 0. Consider the diagram
[S2n,n2 -2n,n] > [22,,F I Z x BU) = Z
Z = [S2n,n, pn (S2n,n)] [ , 2n,n, Fn]1 [S2n,n, pn (Z x BU)] = Z.
First observe that the map 3 is an isomorphism, as may easily be seen from the fibre sequence
F -+ P,(Z x BU) -+ P- 1 (Z x BU). The right vertical map is an isomorphism by Lemma 7.5(iii),
using the fact that P,,(Z x BU) _-+ P,(Z x BU).
Now the identity map in [S 2n,n, S2n,n] maps to the generator of [S 2 n,, Z x BU] by construction,
and therefore to the generator of [S 2l,, P" (Z x BU)]. But-going around the square the other
way- the identity map also projects to the generator of [n 2 2,2, Pa(Z x BU)], and therefore we
conclude that the composite 3 o a is an isomorphism. But this is a map
2 - -- 2 -- * 2,
and the only way the composite can be an isomorphism is if both a and f are also one. So we've
shown that [S 2 I'n, P (S 2Tn) __-+ [S2 n,n, F], and a similar argument works for [Z /2+ AS2,,, _
Remark 7.9. If C is an abelian group, let K(C(n), 2n) denote the nth space in the Q-spectrum for
H* (-; C), where C is the constant coefficient Mackey functor whose value is C. It seems plausible
that the results of this section can be generalized to prove the following:
Conjecture: Let X be a Z/2-space with the property that [S 2n,n, X] -+ [S 2 ,n, X], is an isomorphism
for all n. Then X has a 'Postnikov tower' of the form
>> : PA2(X) >> PAI(X) >: PA.(X)
K(C2 (2), 4) K(C 1 (1), 2) K(Co(0), 0)
where Cn = [S 2 3,,, X].
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8. PROPERTIES OF THE SPECTRAL SEQUENCE
The previous section showed the existence of a tower of homotopy fibre sequences
PA2(Z x BU) :PA, (Z x BU) ::PAO (Z x BU) :: *
K(Z (2), 4) K(Z (1), 2) Z
The homotopy spectral sequence for this tower takes as input H* *(X; Z) and converges to
[X, holim, P., (Z x BU)]. We need to identify this latter term with KR-theory:
Proposition 8.1. The obvious map Z x BU -+ holim Pn(Z x BU) is an equivariant weak equivalence.
Proof. This just follows from the fact that the maps
[Sk'O, Z x BU] _4 [SkO, Pn(Z x BU)] and [Z/2+ A S , Z x BU] -+ Z/2+ A Sko, Pn(Z x BU)]
are isomorphisms for large n (see Lemma 7.5). L
We have now produced a spectral sequence
HP'--1(X; Z) x BU]
which is confined to the quadrant p, q < 0. This is an unstable version of the spectral sequence
we're looking for. Producing the stable version is not difficult, as one can replace X by various
suspensions Sab A X and use the periodicity of Z x BU to get a 'family' of spectral sequences which
patch together. We'll take another approach to this in the next section, and for now be content with
analyzing the unstable case.
Adams operations.
There is a map of Z/2-spaces Ok : Z x BU -+ Z x BU inducing the operation ' k on KRO(X).
The functoriality of the construction PA, shows that Ok induces a self-map of the Postnikov tower
for Z x BU, and therefore we get an action of the Adams operations on the spectral sequence. The
only thing to check is that this gives the 'correct' action on the E 2 -term. This follows from the
following
Proposition 8.2. The induced map ok : F, -* Fn coincides with the multiplication by kn map
K(Z (n), 2n) -+ K(Z(n), 2n).
Proof. If /, : S2,, -+ Z x BU is the nth power of the Bott element, then we know the following
diagram commutes:
S2n,n > Z x BU
S2n,n > Z x BU.
This is just because we can compute
ok(pn) = (Oko3)f = (k,3)~ n = ,n
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Applying P, to the above diagram gives
S2n,n :pn(S2n,n) : Pn(Z x BU)
k nI Pn (k") IPn ,k k,
S2n,n > Pn(s2n,t ) > Pk(Z x BU).
We have previously identified the map F, -+ Pn(Z x BU) with Pn(S 2 n,) -+ Pn(Z x BU), and so
the argument may be completed by proving the following lemma. E
Lemma 8.3. Let k C Z and let k : S2n,n S 2n,n denote the map obtained by adding the identity
to itself k times, using the fact that S 2n,n is a suspension. Then the localized map
P,(k) : Pn(S 2nn) -+ pn(S2n,n)
may be identified with the map K(Z(n),2n) -+ K(Z(n),2n) representing multiplication by k.
Proof. There are several ways one could do this. Write S for S2nn and P for Pn(S). We of course
have the diagram
S >P
k I P(k)
S :P.
Now it's easy to compute that [P, P] = Z, and that the map S -* P induces an isomorphism
Z = [P, P] -- [S, P] = Z
(for instance, use the cofibre sequences of Proposition 6.2). The above square shows that the image
of P(k) under this map coincides with the kth multiple of the localization map S -* P. However,
we know that the localization map generates the group [S, P], and therefore P(k) must correspond
with k in [P, P] =Z. L
Multiplicativity.
Let's face the facts: proving that a spectral sequence is multiplicative is not a pleasant task.
There are essentially no references in the literature for the fact that the classical Atiyah-Hirzebruch
spectral sequence is multiplicative, and establishing this property for the Postnikov-tower approach
(even non-equivariantly) turns out to have some definite subtleties. Following the long tradition
set forth by algebraic topologists, in this section we completely ignore all these subtleties and just
produce the product on the E 2-term of the spectral sequence-the rest is 'obvious'. (We do admit
to some pangs of conscience about this-but topology is a cruel subject).
The most natural idea for establishing the multiplicative structure is to produce a pairing from
the Postnikov towers P.(X) and P.(Y) to P,(X A Y). If there is a product X A Y -+ Z then one
could compose with the map P. (X A Y) -+ P, (Z) to get a pairing of towers from P. (X) and P. (Y)
to P(Z).
Unfortunately one cannot produce maps Pn(X) A Pm(Y) -+ 6n+m(X A Y) even for ordinary
(non-equivariant) Postnikov sections. There is a trick for getting around this:
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Let Fo/, (X) denote the homotopy fibre
F,,,(X ) -+ X -+ P,_1 (X)
(and here it's useful to actually choose a functorial construction of the homotopy fibre). The natural
map Pn_1(X) -4 P- 2 (X) induces a map F /,(X) -+ F,,._(X), and the homotopy fibre of the
latter may be identified (up to homotopy) with QF,(X), where F,(X) hofib (P,(X) -4 Pn_ (X)).
So we have a tower
F/3 (X) :>,F/2(X) :F,1(X) :: F,/0(X) X
QF 3 (X) QF2 (X) QF1(X) *
Remark 1: The spectral sequence for maps into this tower may be naturally identified with the
corresponding spectral sequence for P* (X).
Proof. This is because there are maps QP,(X) -+ F,/I(X) (well-defined up to homotopy) which
give a map of towers
- .. :F/2 (X) > Fol1(X) : Fw/0 (X)
- - P2 (X ) G1X 0 ~ (
and the induced maps on the fibres are weak equivalences. This gives the desired isomorphism of
spectral sequences.
Remark 2: Suppose that X (or Y) has the property that [Z/2+ A S2n--, 0, X] = 0 for all n > 1 (in
other words, X has non-equivariant homotopy only in even dimensions). Then there are pairings
Fo/n(X) A FoI(Y) - F/m+n(X A Y)
which are uniquely-defined and natural up to homotopy. The diagrams
Foon(X) A FOOm(Y) > Fctm+n(X A Y)
FO/n-k(X) A FOO/i(Y) > Fx/m+n-k(X A Y)
homotopy-commute (and likewise with the roles of X and Y interchanged).
The reason for the awkward assumption on X is that our functors Pn strip away the homotopy groups
two-at-a-time, so to speak. So they are not really the analogues of the non-equivariant Postnikov
section functors, but only of the Postnikov sections which start in even dimensions. Establishing
these pairings will be the main goal of this section.
Remark 3: The above pairings induce a pairing from the homotopy spectral sequences of F./, (X)
and F./,(Y) to that of F./,(X A Y).
This is definitely not so obvious. If the pairings commuted on-the-nose with the maps in the tower,
then the result would follow from classical manipulations (but for which there is no reference). In the
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case where the pairings commute only up to homotopy one has to be very careful-the homotopies
you choose actually effect the product structure on the spectral sequence, and you have to be able
to choose them so that the homotopies themselves commute up to homotopy, and so on. It seems
that this can be made to work in our case, but it's a bit of a mess. The details were not available
at press-time.
Remark 4: The spectral sequence associated to the tower P, (Z x BU) has a multiplicative structure
(ignoring the usual 'fringe effect' associated with the unstable situation).
This follows from the previous remarks, the existence of a product on the space Z x BU, and the
fact that Z x BU has non-equivariant homotopy only in even dimensions.
Pairings.
The remainder of the section will be spent producing the pairings
F0/(X) A Fi/m(Y) -+ FxIm+n(X A Y).
This is not purely formal.
Definition 8.4. A Z/2-space X is said to be (a, b)-connected if
(i) [SkO, X] -0 for 0< k <b, and
(ii) [7-/2+ A SkO X] = 0 for 0 < k < a.
The pair (a, b) is just keeping track of the connectivity of (X, Xz/2). Be careful not to confuse the
pairs (a, b) with the bi-graded indexing of the spheres!
Lemma 8.5. Fo1 /(X) is (2n - 2, n - 1)-connected. If we assume that [Z /2 A S 2n 1 0 , X] = 0 for
all n > 1, then F,/(X) is (2n - 1, n - 1)-connected.
Proof. The first statement follows directly from Lemma 7.5, and the second statement is an easy
corollary. E
Lemma 8.6.
(a) If X is (a, b)-connected and p q > 0 then X A Sp'q is (a + p, b + p - q)-connected.
(b) If X is (2n,n)-connected then P.(X) .
Proof. Part (a) is fairly simple. Note that (2 A W)Z/ 2 c ZZ/ 2 A WZ/2, so that if ZZ/ 2 is s-connected
and Wz/2 is t-connected then (Z A W)z/2 is (s + t + 1)-connected. Our assumption on X says that
XZ/ 2 is b-connected, so (X A SP'q)z/ 2 will be (b + p - q)-connected.
Likewise, since X is non-equivariantly a-connected it follows that X A SP~' is (non-equivariantly)
(a + p)-connected. So we've seen that X A SpNq is (a + p, b + p - q)-connected.
To prove (b) first note that P,(X) is also (2n, n)-connected-this follows from Lemma 7.5. Since
this means in particular that P,(X) is (2n - 1, n - 1)-connected, we can try to use Lemma 7.3
to show that P(X) -+ * is an equivalence. So we have to check that [S2n+k,n, Pn(X)] = 0 and
[Z/2+ A S 2 n+k,n, P,(X)] = 0 for k > 0. For k > 0 this follows immediately from the definition of
P. For k = 0 we use the fact that P,(X) is (2n, n)-connected, together with [AM, Proposition
11.2]. E
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Proposition 8.7. If X and Y are Z 2-spaces such that X is (2n - 1, n - 1)-connected, then the
natural map
Pn+m(X A Y) 4 Pn+m(X A Pm(Y))
is a weak equivalence.
Proof. Suppose that 8 2t+p+l,m+q -* Y is a map, and let Y' denote the cofibre. Then there is a
cofibre sequence
X A S2m+p+l,m+q -* X A Y -+ X A Y'.
Since X was (2n - 1, n - 1)-connected, the above lemma says that X A S2m+p+l,m+q is (2n + 2m +
p, n + m + p - q)-connected. Therefore part (b) of the lemma implies that Pmf n(X A S 2 m+p+,nm+q)
is contractible. Proposition B.5(b) now gives the equivalence
Pm~n(X A Y) ~+ Pm+n(X A Y').
So we may cone off maps S2m+p+1,m+q -+ Y without effecting the homotopy type of Pm+n(XAY).
A similar argument says we may also cone off maps Z/2+ A S2m+p+l,m+q -+ Y, and so we conclude
that Pm+n(X A Y) -+ Pm+n(X A Pm(Y)) is an equivalence.
Theorem 8.8. Suppose that X is such that [Z/2+ A S2n-1,0, X] = 0 for n > 1. Then there exist
natural pairings Fo1 n(X) A Foi/m(Y) -4 Fon+m(X A Y), defined uniquely up to homotopy by the
fact that the diagram
Fo/n (X) A F/m(Y) > Fo/m+n(X A Y)
I _ __ _ I
XAY XAY
commutes.
Proof. The maps F,/(X) -+ X and Fw/m(Y) -+ Y give F./n(X) A F./m(Y) -+ X A Y. We claim
that the composite with the map X A Y -+ Pm+n-1 (X A Y) is null, and moreover that the any two
null-homotopies are themselves homotopic. This will give an essentially unique factorization
Fo,(X) A FO/m(Y)
Fom+n(X A Y) > X AY P m+n-1(X A Y),
which is what we want.
The map Fo0 /n(X) A Foo/m(Y) 4 Pm+n-(X A Y) will factor up to homotopy through
Pm+n-1(Fo/n(X) A FO/m(Y)), and so it suffices to show that this latter space is contractible. But
Lemma 8.5 says that F,/(X) is (2n - 1, n - 1)-connected, and therefore by the above proposition
we have an equivalence
Pm+n-1(Foo/n(X) A FOj/m(Y)) 4 Pm+n-1(Foo/n(X) A Pm-i(F/m(Y))).
But F/m(Y) is (2m - 2, m - 1)-connected, and so Lemma 8.6(b) implies that
Pm-1(F/m(Y)) ~ *.
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9. THE STABLE CASE
The final task is to stabilize the spectral sequence we produced in the previous section. That
spectral sequence converged to KRP+q (X) only for p + q < 0, and we'd like to repair this deficiency.
This is not at all difficult, and proceeds exactly as in the non-equivariant case. What we will do is
construct a "connective" version of KR-theory, represented by a spectrum we'll call kr. There will
be a cofibre sequence
E2,1kr -+ kr -+ HZI
and the Bockstein spectral sequence associated with this map will give the stabilized version of the
spectral sequence we've been considering.
Let W denote the homotopy fibre
W -4 Z x BU -+ P,1 (Z x BU).
Of course Wo = Z x BU and one has a tower of homotopy fibre sequences
-W3 WV > W 2  W1 > Wo = Z x BU
K (Z (2), 5) K (Z (1), 3) K (Z (0), 1)
with holim W, *. Intuitively, W, classifies the 'weight n' part of K-theory-e.g., and an element
in K 0 (X) = [X, Z x BU] is in FnK0 (X) if and only if it's in the image of [X, W] -+ [X, Z x BU].
Proposition 9.1. There are weak equivalences Wn -+ Q2,1 Wn+1 which commute with the Bott map
in the following diagram:
W. > Q2,1Wn+14I 4
Z x BU > Q2,1(Z x BU).
Lemma 9.2.
(a) [SpqWn] =0for 0 p<2(n-1) andO<p-q<n-1;
(b) [Z/2+ A SP'0 Wn] = 0 for 0 < p < 2n.
Proof. One analyzes the long exact sequence coming from W,, -+ Z x BU -+ Pni1(Z x BU) and
uses Lemma 7.5(iii).
The following picture shows the range in which [SP'q, W"] vanishes:
q
(6,3)
p
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Proof of Proposition 9.1. Consider the natural map a Z x BU -+ PA, (Z x BU), and apply Q2,1().
The fact that X E A- 1 = S 2 , A X E A, implies that Q2 ,1 PA (Z x BU) is A,_ 1 -local, which means
that there is a lift
x BU) > A.2 P ,(Z x BU)
PA_ (Q2, 1 (Z x BU))
and this lift is unique up to homotopy.
Now let 3 : Z x BU _ Q2, 1 (Z x BU) be the Bott map, and consider the diagram
W. Z xBU >P,_1 (Z x BU)
Q2,1(Z x BU) >P-P 1 ( 2',1 (Z x BU))
4d
Q2,1 Wn+1 > 2,1(Z x BU) > Q2,"P,(Z x BU)
It follows that there is a map on the homotopy fibres W, -+ Q2,1 W,+I making the diagram commute.
We need to show that this is a weak equivalence, and the procedure is one which should be familiar
by now: we use Lemma 7.3.
First observe that Lemma 9.2 shows that
" [SkO W"] = 0 for 0 < k < n,
* [Z/2+ A SkO' Wn] = 0 for 0 < k < 2n, and
" the same is true with W, replaced by Q2, 1Wn+1.
It follows from the definition of P,_- that the maps
[S 2n+kn, Wn] -4 [S 2n+kn, Z x BU] and [Z/2+ A S2n+k,n A Wn] -+ [Z/2+ A S 2 n+k,n, Z x BU]
are isomorphisms for k > 0, using the fact that [S2n+k~n, Pni (Z x BU)] 0, etc. Then the square
W > Zx BU
Q2, 1Wn+ 1  > p2,1(Z x BU)
shows at once that Wn _+ Q2,1W"+ 1 induces an isomorphism on [S2n+kn, -] and [Z /2+ A S 2 n+k,n,
for k > 0. By Lemma 7.3, Wn -* Q2,1Wn+1 is an equivalence.
Definition 9.3. Let kr be the equivariant spectrum consisting of the spaces {Wn} and the maps
W, -+ Q2, 1Wn+1 given by the above proposition. kr is called the connective KR-spectrum.
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There is an obvious 'Bott map' E2',kr -+ kr, and Corollary 7.2 implies directly that the cofibre
is HZ. So we may form the tower of cofibre sequences
E2 'k kr E2, 1kr
E2,'HZ HZ E-2,-HZ
The colimit of the spectra in the tower is clearly KR, and the inverse limit is contractible. This
gives a stable version of the spectral sequence we've been considering-it was this stable version
that was considered in the example at the end of section 5, for instance.
Remark 9.4. The Postnikov tower we've constructed-and its resulting spectral sequence-can be
used to completely determine the homotopy of the spaces P(Z x BU), and hence of W, as well. In
other words, we can completely determine the groups kr*,*(pt), and in fact the ring structure can also
be deduced. At the moment, however, the answer doesn't seem to admit a simple description-in this
sense it is somewhat like the ring H*'*(pt; Z), only more complicated. It is not true that kr*'*(pt)
H*,*(pt)[v], as one might expect based on the non-equivariant case. The reason essentially comes
down to the fact that there are non-trivial differentials in the above spectral sequence.
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APPENDIX A. SYMMETRIC PRODUCTS AND THEIR GROUP COMPLETIONS
The main goal of this section is to show that SP' (S 2",') is equivariantly weakly equivalent to
AG(S 2 n,,). The proof is not at all difficult, but requires a few lemmas. I would like to thank
Gustavo Granja for an extremely helpful conversation about the results in this section. In his honor,
G will always denotes a finite group.
Definition A.1.
(a) Let C be a category with products and colimits, and let M be an abelian monoid object in C. The
group completion M+ is the coequalizer of the maps
Mx Mx M M MxM
(a, b)
(a, b, c)
(a + c, b + c).
(b) If K is a pointed simplicial set (or topological space), define AG(K) = SP*(K)+.
Remark A.2. In the above generality it is not true that M+ will be an abelian group object in C,
or even a monoid object (so the term 'group completion' is somewhat of a misnomer). But this is
the case when C = Set, and therefore also when C = sSet. It also holds when C = Top and M is
'sufficiently nice'.
It's easy to see that AG is a functor, so that if K is a simplicial G-set (or a G-space) then AG(K)
also has a G-action.
Proposition A.3. Let K be a pointed simplicial G-set with the property that KH is path-connected
for every subgroup H C G. Then the natural map SP*(K) -+ AG(K) is a G-weak equivalence.
Proof. It's a consequence of Quillen's work on group completion [Q3] that if M is a connected
simplicial abelian monoid then the map M -+ M+ is a weak equivalence of simplicial sets. One can
check (with only a little trouble) that AG(K)H is isomorphic to [SP*(K)H]+, and that SPI(K)H
is path connected. So Quillen's result implies that SP'(K)H _+ AG(K)H is a weak equivalence for
every subgoup H. This completes the proof. E]
The next step is to transport this result from G-simplicial sets to G-spaces. We start with two
simple lemmas:
Lemma A.4. Let K be a simplicial set.
(i) There are natural homeomorphisms ISPK I-+ SPIK1, for 1 < n < oo.
(ii) If M is a simplicial abelian monoid, then there is a natural homeomorphism M+ I-+IMI+.
(iii) There is a natural homeomorphism I AG(K) |-+ AG( K |).
Proof. The essential point is that I - I commutes with colimits (being a left adjoint) and also finite
products (by a miracle, and making use of the fact that our topological spaces are compactly-
generated and weak Hausdorff). Since SP' (n < oo) is constructed by forming a finite product and
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then taking a colimit-namely, passing to En-orbits-realization will commute with SP'. But then
realization will also commute with SP , as SPI is defined as a colimit of the SP"'s. This proves
(i).
The proof of (ii) is in the same spirit: M+ is defined as a coequalizer of two products, so - will
commute with this construction. Part (iii) is an immediate consequence of (i) and (ii). l
Remark A.5. Again, since the above maps are all natural it follows that if K is a G-simplicial set
then the maps are actually equivariant.
Lemma A.6. If K is a G-simplicial set, the natural map KH I-+ K factors through the H -fixed
set and gives a homeomorphism IKH I-+IK|H.
Proof. The fact that the map factors though I K H and that it is injective are immediate. So the
content is that a cell of IK which is fixed by H must come from a simplex of KH. This is left to
the reader.
Proposition A.7. Let X be a G-space of the form K I for some simplicial G-set K. If all the fixed
sets XH are path-connected, then the map SP (X) -+ AG(X) is a G-weak equivalence.
Proof. What must be shown is that for any subgroup H C G the map SP,(X)H -4 AG(X)H
is a weak equivalence of topological spaces. Now X =1 K 1, and by the above lemmas we can
commute the realization past the SP', the AG, and the fixed points. So we are left with showing
that I SP (K)H 1-+1 AG(K)H I is a weak equivalence. Yet Proposition A.3 says precisely that
SP (K)H _+ AG(K)H is a weak equivalence of simplicial sets, so we're done. 0
Corollary A.8. The map of 7/2-spaces SP,(S 2 n,,) -+ AG(S 27,,) is an equivariant weak equiva-
lence.
Proof. It suffices to show that S2n,n is Z /2-homeomorphic to a space of the form I K , for then we
can use the Proposition. It's not hard to verify this for S 2,1 by writing down an explicit K, and
then for general n one can check that
|KA ... A K| |KI A ... A IK 1 2,1 A,1 ...A S2n,n
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APPENDIx B. BASIC FACTS ABOUT LOCALIZATION
This section recalls the basic machinery concerning localizations of model categories. Hirschhorn's
book [H] is by far the best reference. The basic results we outline here are used constantly in the
body of the paper.
Let M be a model category. For X,Y E M, the notation M(X, Y) denotes a homotopy function
complex for X and Y. If M is a simplicial model category, one can take this to be just the usual
simplicial mapping space.
Definition B.1.
(a) If X - Y is a map between cofibrant objects, a fibrant object Z E M is called f-local if the
induced map M(Y, Z) -+ M(X, Z) is a weak equivalence. We often say that Z 'sees f as a weak
equivalence'.
(b) If S is a set of maps between cofibrant objects, a fibrant object Z is called S-local precisely when
it is f -local for every f E S.
(c) If S is as above, an S-local equivalence is a map which is seen as a weak equivalence by every
S-local object. If X -+ Y is a cofibrant approximation to our map, the formal requirement is
that M(Y, Z) -+ M(X, Z) be a weak equivalence for every S-local Z.
Note B.2. The requirement that our maps have cofibrant domain and target can easily be elimi-
nated by a slight re-working of the definition. The added generality is more of a nuisance than a
gain, however. In a model category, every map may be replaced up to weak equivalence by a map
between cofibrant objects.
Theorem B.3. (Hirschhorn) Let M be a left proper, cellular model category and S a set of maps
between cofibrant objects. Then there exists a new model structure on M in which
(i) the weak equivalences are the S-local equivalences;
(ii) the cofibrations are precisely the original cofibrations of M;
(iii) the fibrations are the maps having the right-lifting-property with respect to cofibrations which
are also S-local equivalences.
In addition, the fibrant objects of M are precisely the S-local objects, and this new model structure
is again left proper and cellular.
The model category whose existence is guaranteed by the above theorem is called the S-
localization of M. The underlying category is the same as that of M, but there are more trivial
cofibrations (and hence fewer fibrations). We will sometimes use S-M to denote the S-localization.
Note that the identity maps yield a Quillen pair M ;± S-M, where the left Quillen functor is
the map Id: M -* S-IM.
A fibrant replacement functor in S- M is called an S-localization functor. Let P denote such
a functor-it comes with natural maps X -- PX, and has the property that a map X -+ Y is an
S-local equivalence if and only if PX -+ PY is a weak equivalence in M.
The following results are standard facts about localization model structures. Most of them are
easy consequences of the model category machinery. Many are actually proven in [H].
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Proposition B.4.
(a) A map X -+ Y between local objects is a
* local-fibration if and only if it's a fibration in M.
* local-weak equivalence if and only if it's a weak equivalence in M.
(b) Let X -+ Y and X -+ Z be maps in M, where X and Y are cofibrant. If Z is local and
PX - PY is a weak equivalence, then there is a lift
X :Z
Y
and this lift is unique up to homotopy.
Proposition B.5.
(a) Let X : C - M be a diagram. Then the natural map
P(hocolim Xa) -+ P(hocolim PX,)
is a weak equivalence.
(b) If A -+ B -+ C is a homotopy cofibre sequence and PA is contractible, then PB -+ PC is a
weak equivalence.
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